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We study various bipartite measures of quantum correlations through the time evolution of spin
chains with different model Hamiltonians, and connect them with information scrambling, quantified
by the tripartite mutual information (TMI). We start with a simple initial state, with the first pair
of qubits in an entangled state and all other spins in the up-spin state, and the system is evolved
unitarily. Bipartite quantum correlations have been calculated to show how the information coded
in the first two sites, in the form of quantum correlations. spreads out to other locations. We show
that if the number of down (up) spins is a conserved quantity, the entanglement spreads consistently
to other parts of the system and the TMI is strictly non negative for initial states with one down
spin. On the other hand, if the number of down (up) spins is not conserved in the dynamics, the
propagation does not take place from the first two entangled sites, but correlations are generated
in the system. TMI can be negative for these models even for one down spin initial states. We
study the effect of a quantum dynamical process (QDP) that interrupts the background dynamics,
on the evolution of the mutual information and information scrambling. We consider both coherent
quantum operations (unitary QDP) and incoherent quantum process that leads decoherence (non-
unitary QDP). We show that correlations between two qubits can be increased depending on the
location and the time of the QDP occurrence. Also we show that local QDPs can cause scrambling
even when the background dynamics in non-scrambling in nature.
I. INTRODUCTION
Spin chains have been studied, over the last few years,
from the view point of quantum information and commu-
nication, as possible quantum channels for quantum state
transfer[1–3].Traditionally quantum spin chains have in-
vestigated from the view point of low-dimensional con-
densed matter physics systems exhibiting quantum phase
transitions and a variety of spin ordering[4–6]. These
systems have been studied for the dynamics of quantum
many-body systems, for magnon bound and scattering
states[7, 8], spin current dynamics[9], relativistic density
wave dynamics[10]. The unitary evolution of quantum
correlations, using model Hamiltonians, have been in-
vestigated, for a quantum quench[11], the light-cone in
entanglement spreading[12].
Through a general dynamical evolution, a system can
undergo a unitary Hamiltonian evolution, if it is a closed
system, and a non-unitary time evolution, if it is an
open system. Thus, studying the dynamics of open sys-
tems becomes important for studying many-body corre-
lation. The density-matrix formalism is best suited for
a general quantum state evolution, and the evolution of
the various subsystems. The dynamics of spin chains
have been studied recently for partially open systems us-
ing an instantaneous local quantum dynamical process
(QDP) that intervenes a unitary background Heisenberg-
XY dynamics[14]. This leads to local decoherence, and
a further unitary evolution of the system after QDP dis-
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turbance leads to redistribution of quantum correlations.
A signal from the QDP disturbance propagates from the
site at which QDP occurs and can be detected from far
away sites at later times, for a general integrable back-
ground dynamics. The QDP signal can interfere with
quantum state transfer, and can enhance the state trans-
fer fidelities[15], particularly if the QDP is unitary pro-
cess. The Loschmidt echo from the QDP disturbance
has been investigated both for the integrable and non-
integrable background dynamics[16], displaying a con-
trast how the system will settle down to the background
dynamics, a long time after the QDP disturbance.
In this paper, we will address the distribution of quan-
tum correlations of evolving spin chains, and how the cor-
relations are redistributed due to a quantum operation
that intervenes the dynamical evolution. We will con-
sider both the spin conserving dynamics, like in Heisen-
berg model, and the spin non-conserving dynamics, like
in XY model in a transverse field. We will investigate
the non-integrable background dynamics using a kicked
Harper model. It is interesting to see how the entangle-
ment is generated and distributed over various pairs of
qubits, by studying the concurrence measure of pairwise
entanglement. We will also study the pairwise quantum
mutual information I(A : B), between two qubits A and
B, and its generation and redistribution due to quantum
operations.
We will investigate the effect of local quantum oper-
ations on the sharing of pair entanglement over various
qubits, by investigating the tripartite mutual informa-
tion. The quantum information scrambling[17–19], for
three marked qubits A,B and C, is quantified by the
tripartite mutual information, I3(A : B : C) defined for
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2three marked qubits A,B and C in terms of two-party
mutual informations as I3(A : B : C) = I(A : B) + I(A :
C)− I(A : BC). It is the difference between the sum of
informations shared by A with B and A with C, and the
information that A shares with B and C together. This
gives us an insight into multi-party correlation distribu-
tion. For a pure tripartite state, the tripartite mutual
information is zero. For a mixed tripartite state, the tri-
partite mutual information can be negative, signifying
that quantum correlations are spread over three parties
as opposed to local two-party correlations.
This paper is organized as follows. We will discuss
well-studied measures of quantum correlations, that in-
volve two-party and three-party correlation functions in
section II. We will discuss the time evolution of one-
magnon and two-magnon initial states, where the dy-
namical Green’s function will be evaluated for the Heisen-
berg model, the transverse-field XY model and the kicked
Harper model In section III. We will study the effect of
a QDP on the evolution of the entanglement and mutual
information, in section IV. We will discuss both unitary
and non-unitary QDPs in conjunction with both inte-
grable and non-integrable background dynamics.
II. PAIRWISE QUANTUM CORRELATIONS,
MUTUAL INFORMATION AND SCRAMBLING
Figure 1. The tripartite mutual information I3(1 : 2 : 3) is
plotted for the state given in Eq. 16 as function of p and q.
We will discuss briefly a few popular measures of quan-
tum correlations and information that have been exten-
sively studied for spin systems over the last two decades.
For a pair of qubits, the pair entanglement will depend
on the pair correlation function, and similarly the quan-
tum mutual information of the qubits. The two-qubit
reduced densuty matrix (RDM) of a many body system
is in general a mixed state. The RDM ρAB of two qubits
A and B is computed by tracing out all other qubits from
the full system. The dynamics, for all the models that we
are considering for discussion, conserves the parity, which
implies the density matrix elements between two states
with different number of up (down) spins are zero. Let us
consider σz−diagonal basis states, | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉,
for the two qubits. The RDM ρAB takes the X-state
form,
ρAB =
 u 0 0 z0 w1 x 00 x∗ w2 0
z∗ 0 0 v
 . (1)
Since the Heisenberg dynamics conserves the number of
down (up) spins, in the two-qubit density matrix we have
z = 0 for a state with fixed number of down spins. For the
transverse-field XY model dynamics, the matrix element
z can be nonzero. All the matrix elements shown above
are related to the two-point correlations functions[20].
Now, we discuss some measures of two party corre-
lations. The pairwise concurrence between two qubits
measures the mutual entanglement between the qubits.
It takes the value of unity when the qubits are maximally
entangled. The concurrence is given as,
C = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4}. (2)
Here, λi are eigenvalues of the matrix ρρ˜ in deceasing
order, where ρ˜ is the time reversed state of ρ given by,
ρ˜ = (σy⊗σy)ρ∗(σy⊗σy). The concurrence for two qubits
j and k, with the RDM of the above form, is given by,
C = 2 max{0, |x| − √uv, |z| − √w1w2}. (3)
The quantum mutual Information II(A : B), for the
quantum state ρAB for two parties A and B, is defined
in terms of von Neumann entropies of the subsystems,
given as,
I(A : B) = S(ρA) + S(ρB)− S(ρAB). (4)
The von Neumann entropy S(ρ) of the state ρ is given
in terms of the eigenvalues λi as, S(ρ) = −
∑
λilogλi.
The mutual information between two subsystems A and
B can be defined in another way, using the conditional
information entropy. similar to the classical information
theory. A measurement basis is setup for the qubit A,
with two possible outcomes that occur with two prob-
abilities. The conditional entropy of B is the weighted
average of the the von Neumann entropy of the two con-
ditional density matrices of B corresponding to the two
measurement outcomes for A.
J(A : B) = S(ρB)− S(ρB|A). (5)
Unlike classical information theory, these two defini-
tions do not yield same results in the quantum scenario
because of the basis dependence of the conditional en-
tropy S(ρA|B). Hence, J(A : B) depends on how quan-
tum correlations between two subsystems depend on the
measurement basis {E} set on one of the subsystems.
Quantum discord is defined as the minimum difference
between the two mutual informations taken over all pos-
sible measurement basis. The quantum Discord for par-
ties A and B is given by,
D(B|A) = min{E}S(ρB|A) + S(ρA)− S(ρAB). (6)
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Figure 2. The nearest-neighbour correlations between the sites i and i + 1 as functions of time t for the Heisenberg model:
(a) the concurrence (b) the mutual information for the initial state |10...0 + 010...0〉/√2, (c) the concurrence (d) the mutual
information for the initial state |00...0 + 110...0〉/√2. The anisotropy constant is ∆ = 1.0.
The eigenvalues of ρA are u + w1 and v + w2. The four
eigenvalues of the composite state ρAB are given by,
λ1 =
1
2 (u+ v +
√
(u− v)2 + 4|z|2),
λ2 =
1
2 (u+ v −
√
(u− v)2 + 4|z|2),
λ3 =
1
2 (w1 + w2 +
√
(w1 − w2)2 + 4|x|2),
λ4 =
1
2 (w1 + w2 −
√
(w1 − w2)2 + 4|x|2).
(7)
The analytical form of the quantum discord for two
party mixed state of X-state form, displayed above, is
shown to be given in the in the following form [21],
D(B|A) = min C0,0(ρB|A), Cpi/2,φ(ρB|A)+S(ρB)−S(ρAB).
(8)
The quantities Cθ,φ(ρB|A) is the conditional entropy of
the qubit B when a σ − nˆ diagonal basis is set up for
the qubit A, where the θ and φ spherical polar angles
specifying nˆ. The two conditional entropies for two dif-
ferent measurement basis and are given as a function of
the elements of two qubit RDM, as
C0,0(ρB|A) = −u log2
( u
u+ w2
)− w2 log2 ( w2u+ w2 )
−v log2
( v
v + w1
)− w1 log2 ( vv + w1 ),(9)
Cpi/2,φ(ρB|A) = H
(1
2
(1+
√
(u− v + w1 − w2)2 + 4(x+ z)2)
)
,
(10)
where H(p) = −p log2 p− (1− p) log2(1− p).
The correlation measures discussed above are not eas-
ily computed for bipartite mixed states. A measure of
entanglement that can be easily computable, is given by
G. Vidal and R. F. Werner [22]. It is based on the trace
norm of the partial transpose ρTAAB of the bipartite mixed
state ρAB , a quantity whose evaluation is completely
straightforward using standard linear algebra manipula-
tions. Though the partial transposition is not a valid
quantum operation as it does not satisfy the condition
of the complete positivity, it can be used as a witness of
quantum entanglement. This measure is known as nega-
tivity as it measures the deviation of partial transpose of
the RDM from being positive. The negativity N (ρAB)
corresponding to the quantum state ρAB for two parties
A and B is defined as,
N (ρAB) = ||ρ
TA
AB || − 1
2
. (11)
where, the trace norm of the matrix ρ: ||ρ|| = Tr
√
ρρ†
is equal to sum of the absolute value of its eigenvalues∑
i |λi|. It can be shown that N (ρAB) does not increase
under LOCC, i.e., an entanglement monotone[22]. The
eigenvalues λ′i of the matrix ρ
TA are given as,
λ′1 =
1
2 (u+ v +
√
(u− v)2 + 4|x|2),
λ′2 =
1
2 (u+ v −
√
(u− v)2 + 4|x|2),
λ′3 =
1
2 (w1 + w2 +
√
(w1 − w2)2 + 4|z|2),
λ′4 =
1
2 (w1 + w2 −
√
(w1 − w2)2 + 4|z|2).
(12)
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Figure 3. The correlation function between the sites i and i + 1 is shown as a function of time t for the XY model with a
transverse field for various parameters. Re〈σ+i σ−i+1〉t is plotted as a function of time for parameters: (a) Jx = 0.7, Jy = 0.3 and
h = 0.1, (b) Jx = 0.7, Jy = 0.3 and h = 1.0, (c) Jx = 0.7, Jy = 0.3 and h = 10.0. Re〈σ+i σ+i+1〉t is plotted as a function of time
for parameters: (d) Jx = 0.7, Jy = 0.3 and h = 0.1, (e) Jx = 0.7, Jy = 0.3 and h = 1.0, (f) Jx = 0.7, Jy = 0.3 and h = 10.0.
〈σzi σzi+1〉t for parameters: (g) Jx = 0.7, Jy = 0.3 and h = 0.1, (h) Jx = 0.7, Jy = 0.3 and h = 1.0, (i) Jx = 0.7, Jy = 0.3 and
h = 10.0. The results are shown from analytical calculations for the initial state: |Ψ(0)〉 = (|10...0〉+ |010..0〉)√2.
For a bipartite quantum state the negativity is defined
on partial transpose criteria. Though partial transpo-
sition is not a valid quantum operation as it does not
satisfy the condition of complete positiveness, it can be
used as a witness for quantum correlation. The negativ-
ity N(ρAB) corresponding to the quantum state ρAB for
two parties A and B is defined as,
N(ρAB) =
||ρTAAB || − 1
2
. (13)
where, ||ρ|| = Tr
√
ρρ† denotes the trace norm of the
matrix ρ. Tripartite Mutual Information (TMI) for three
parties A, B and C is defined as,
I3(A : B : C) = I(A : B) + I(A : C)− I(A : BC). (14)
This is a measure of by how much the information shared
by A with B and C together is different from the sum of
the information shared by A with B and the information
shared by A with C. However, by rewriting the two-
party mutual informations above in terms of entropies
(see Eq.25), TMI can be seen to be symmetric over all
the qubits. We can rewrite it in terms of one-body, two-
body and three-body entropies, we have
I3(A : B : C) = S(ρA) + S(ρB) + S(ρC)− S(ρAB)
−S(ρBC)− S(ρCA) + S(ρABC).(15)
Thus, the tripartite mutual information is identically zero
for a three-party pure state by Schmidt decomposition
theorem. But it becomes a non trivial measure for a tri-
partite mixed state or a four qubit pure state. However,
a three-body RDM will in general represent a three-body
mixed state, thus I3(A : B : C) can be nonzero. Now,
I3(A : B : C) is negative when the sum of information
shared between A and B ; A and C is smaller than that
between A and BC together. This is known as scram-
bling of information. The various two-party quantum
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Figure 4. The entanglement and the mutual information measures are shown between the sites i and i + 1 as functions of
time t for the XY model with a transverse field: The concurrence shown for parameters: (a) Jx = 0.7, Jy = 0.3 and h = 0.1
, (b) Jx = 0.7, Jy = 0.3 and h = 1.0, (c) Jx = 0.7, Jy = 0.3 and h = 10.0. The mutual Information for parameters (d)
Jx = 0.7, Jy = 0.3 and h = 0.1 , (e) Jx = 0.7, Jy = 0.3 and h = 1.0, (f) Jx = 0.7, Jy = 0.3 and h = 10.0. The results are shown
from analytical calculations for the initial state: |Ψ(0)〉 = (|10...0〉+ |010..0〉)√2.
(a) (b)
Figure 5. The time dependence of the entanglement and the mutual information between the sites i and i + 1 for the Ising
model: (a) the concurrence, (b) the mutual information. The results are shown from analytical calculations for the initial state
|10...0 + 010...0〉/√2.
mutual informations can be written down analogous to
I(A : B), that we discussed in the context of the quantum
discord.
To illustrate the scrambling of information and the tri-
partite mutual information, let us consider some typi-
cal states. TMI is identically zero for all three-qubit
pure states, as the first cancel with the ffifth in the
above equation, and similarly the second and third with
the sixth and fourth respectively, and the last term is
zero for a pure state. However, it can be nonzero for
three-qubit pure state, or in a four-qubit pure state.
For the four-qubit pure state, |ψ〉 = |φ〉1 ⊗ |φ〉234 has
I3(1 : 2 : 3) = 0 where 1 and 234 are unentangled. For
the four-qubit GHZ-like state, |ψ〉 = (|0000〉+|1111〉)/√2
has I3(1 : 2 : 3) = 1 for any three qubits. The four qubit
W state |ψ〉 = (|1000〉 + |0100〉 + |0010〉 + |0001〉)/2 has
I3(1 : 2 : 3) = 0.244 for any three qubits. Now, to illus-
trate that TMI can be negative, let us consider a simple
three-qubit mixed state given as,
ρ = p
1
3
|100 + 010 + 001〉〈100 + 010 + 001|+ q|111〉〈111|
+(1− p− q)|000〉〈000|,
(16)
where, p, q ≥ 0 and p + q ≤ 1. For this state the tripar-
tite mutual information is straightforward to compute,
and shown as a density plot plot in Fig. 1 as a function
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Figure 6. The time dependence of the entanglement and the mutual information between the sites i and i + 1 for the Harper
model: The concurrence is shown for parameters (a) g = 0.1, τ = 0.1 (b) g = 1.0, τ = 0.9. The mutual Information is shown
for parameters (c) g = 0.1, τ = 0.1 (d) g = 1.0, τ = 0.9. The results are shown for the initial state |10...0 + 010...0〉/√2.
of p and q. For the cases p = 0, q = 1 and p = 1, q = 0
the state ρ is a pure three state and I3(1 : 2 : 3) becomes
zero as shown in the Fig. 1. The sign of I3(1 : 2 : 3)
depends on the values of p and q in the rest of the re-
gion. For instance, we can see that the tripartite mutual
information for this state is negative for p > 0.2..
In addition we need to compute the von Neumann en-
tropy a three-qubit state ρijk for computing I(i : j : k).
We are not giving the explicit form, as it can easily be
written in terms of two-party and three-party correla-
tion functions. In the next section we have calculated
the time dependence of TMI for diffrence spin models
starting from a simple entangled state. Also we shall see
in section IV., local operations can change the sharing of
entanglement between the subsystems that changes the
value of TMI. It has to be noted that expression for TMI
for three sites requires computation of three qubit RDM
in order to evaluate its value. Thus it becomes difficult
to calculate analytically for many qubit systems.
III. DYNAMICAL EVOLUTION OF
CORRELATIONS IN SPIN CHAINS
We will first briefly review the dynamical evolution of
an initial many-spin state using a Hamiltonian dynam-
ics. Through the time-evolution, a variety of spin correla-
tions can be dynamically generated from a uncorrelated
initial states. Subsequently, we will interrupt the back-
ground Hamiltonian dynamics by a quantum operation
(QDP), and see how the correlations are redistributed.
We will follow the approach taken in the study of sig-
nal propagation and interference effects due to a QDP
occurrence[14, 15].
The first exactly-solvable and integrable non trivial
models of interacting quantum spins is a one-dimensional
chain of spins interacting with their nearest neighbour
Heisenberg exchange interaction, known as the Heisen-
berg model. We will use the Pauli operator ~σi to rep-
resent the different components of the spin operator ~Si
at i’th site. Let us consider a one-dimensional chain
of N spins interacting through the nearest-neighbour
anisotropic Heisenberg model. The Hamiltonian is given
by,
H = −J
∑
i
(σxi σ
x
i+1 + σ
y
i σ
y
i+1 + ∆σ
z
i σ
z
i+1). (17)
where J is the exchange interaction strength for
the nearest-neighbour spins, and ∆ is the anisotropy
strength. As all the three Pauli spin matrices appear
in the Hamiltonian, an exchange interaction of neigh-
bouring spin is implied in all three spin dimensions.
The model exhibits ferromagnetic (antiferromagnetic)
behaviour in the ground state for ∆ > 0(∆ < 0). The
ground state and all the excited states are known, and
can be found using the Bethe ansatz[6]. Let us use the
basis states for the i’th spin as |0〉 (up-spin state) and
|1〉(down-spin) states, denoting the eigenstates σzi with
eigenvalues +1 and -1 respectively. The basis states
for the many-qubit system can be chosen to be the di-
rect products of the basis states of each spin. The z-
component of the total spin Σσzi is a constant of mo-
tion, which implies that the eigenstates will have a defi-
nite number of down spins. The many-qubit basis states
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Figure 7. The time dependence of TMI, the tripartite mutual Information I(1 : 2 : 3): (a) for the Heisenberg and the Kicked
Harper models with two different set of parameters τ =, g = and τ =, g = as a function of time t, (b) for the Ising model with
different values of transverse magnetic field h, (c) for the XY model (Jx = 0.7, Jy = 0.3) with different values of transverse
magnetic field h for the initial state |10...0 + 010...0〉/√2, (d) For the Heisenberg model for different ∆ as a function of time t
for the initial state |00...0 + 110...0〉/√2.
with l down spins can also be labeled by the locations
(x1, x2..xl) of the l down spins, where the set is an or-
dered set with x1 < x2 and so on. An eigenstate with l
down spins, a l−magnon state, can be written as a su-
perposition of the basis states as,
|ψ〉 =
∑
x1,x2..xl
ψ(x1, x2..xl)|x1, x2..xl〉 (18)
where the eigenfunction ψ(x1, x2..xl) denotes the wave
function amplitude for the corresponding basis state.
The eigenfunction is given by the Bethe Ansatz[13], la-
beled by the the set of momenta (p1, p2..pl) of the down
spins, which are determined by solving algebraic Bethe
ansatz equations, with periodic boundary conditions.
There is only one zero-magnon state |F 〉 = |00..0〉, which
is just a ferromagnetic ground state with all the spins
polarized along one direction. It is straightforward to see
that it an eigenstate of the above Hamiltonian with en-
ergy 0 = −NJ for periodic boundary conditions Start-
ing from |F 〉, one-magnon excitations can be created by
turning any one of the spins, giving N localised one-
magnon states, which can be labeled by the location of
the down spin. One-magnon eigenstates are labeled by
the momentum of the down spin, the eigenfunction is
given by,
ψxp =
√
1
N e
ipx; p = 2piIN , for a closed chain
(19)
where the momentum p is determined by an integer
I = 1, 2, ..N for both cases. The one-magnon eigenvalue
is given by 1(p) = 0−2J cos p. The interaction strength
J determines the hopping of the down spins to neigh-
bouring sites, and the interaction of the two down spins
is determined by ∆. The one-magnon eigen energies are
independent of ∆ as the states carry only one down spin.
To discuss the dynamics of quantum correlations we
will focus on the dynamics of a local entangled state.
Since there is many body interaction we consider two
initial states, a one magnon entangled state and a linear
combination of zero and two magnon entangled state.
The one-magnon eigenstates are not affected by the many
body interaction term in the Hamiltonian. Let us first
consider the following initial state,
|Ψ(0)〉 = α|100...0〉+ β|010...0〉 = α|1〉+ β|2〉. (20)
The time evolution of the state is straightforward, the
state after a time t becomes,
|Ψ(t)〉 =
∑
x
Ωx(t)|x〉, (21)
where the time dependent function Ωx(t) is given in
terms of one particle Green functions [2, 15] the following
form,
Ωx(t) = αGx1(t) + βG
x
2(t). (22)
8The reduced density matrix for the jth qubit are given
in the form,
ρj = (1− χj)|0〉〈0|+ χj |1〉〈1|. (23)
The other elements of the one and two qubit RDM for
direct evolution of the states without any QDP can be
calculated from Eq. and Eq. ,
χj = |Ωj |2,
uj,k = 1− |Ωj |2 − |Ωk|2,
w1j,k = |Ωk|2,
w2j,k = |Ωj |2,
xj,k = Ω
j∗Ωk. (24)
Now, let us first consider the following initial state, a
linear combination of zero and two magnon states,
|Ψ(0)〉 = α|0...0〉+ β|110..0〉 = α|F 〉+ β|1, 2〉. (25)
The time evolution of the state is straightforward, the
state after a time t becomes,
|Ψ(t)〉 = αe−i0t|F 〉+
∑
x1,x2
Gx1,x21,2 (t)|x1, x2〉, (26)
The details of the two particle time dependent Green
function Gx1,x21,2 (t) is discussed in [15]. The elements of
the one and two qubit RDM for direct evolution of the
states can be calculated from Eq. 26. The reduced den-
sity matrix jth qubit is given as,
ρj = (1− |β|2
∑
x;x 6=j
|Gj,x1,2|2)|0〉〈0|+ |β|2
∑
x;x 6=j
|Gj,x1,2|2|1〉〈1|.
(27)
The elements of the RDM ρj,k given in Eq. 1 are given
as,
uj,k = |α|2 + |β|2
∑
x1,x2;x1,x2 6=j,k
|Gx1,x21,2 |2,
w1j,k = |β|2
∑
x;x6=j
|Gk,x1,2 |2,
w2j,k = |β|2
∑
x;x6=k
|Gj,x1,2|2,
xj,k = |β|2
∑
x;x6=j,k
Gj,x1,2G
∗k,x
1,2 ,
vj,k = |α|2,
zj,k = αβ
∗e−i0tG∗j,k1,2 . (28)
Two particle Green functions Gx1,x21,2 have been calcu-
lated numerically for different values of anisotropy pa-
rameter ∆. Accordingly the three qubit RDM ρj,k,l for
three qubits j, k and l has been calculated in order to
compute the TMI.
Different measures of nearest neighbour quantum
correlations concurrence C(i, i + 1), mutual infor-
mation I(i, i + 1) are plotted as a function of time
and site index in Fig. 2(a), 2(b) for the initial state
|Ψ(0)〉 = 1√
2
(|10...0〉+ |010..0〉) and 2(c) and 2(d) for the
initial state |Ψ(0)〉 = 1√
2
(|00...0〉 + |110..0〉) respectively
for anisotropic Heisenberg model. All the four measures
are monotonic and show similar features. The pairwise
entanglement and correlations moves linearly in time as
the time evolves from first two sites.
The general Hamiltonian for an XY model with a
transverse magnetic field is given as,
H =
∑
i
Jxσ
x
i σ
x
i+1 + Jyσ
y
i σ
y
i+1 + hσ
z
i . (29)
Here, the periodic boundary condition is assumed.
It is easy to see that the three different terms in the
above Hamiltonian do not commute with each other for
Jx = Jy 6= 0. Since the spin 1/2 operators are nei-
ther bosons nor fermions the Hamiltonian can be ex-
actly diagonalised and entire eigenvalue spectrum can be
found by employing Jordan-Wigner transformation[5, 23]
of spin 1/2 operators to spinless fermionic operators. The
ground state exhibits a quantum critical behaviour, for
the isotropic case of Jx = Jy for all values of the magnetic
field strength, and for the anisotropic case for h = Jx+Jy.
We can map spin-1/2 operators in the Hamiltonian to
Fermionic creation and annihilation operators by means
of Jordan-Wigner transformation. The mapping is given
by,
σ+l = c
†
l e
ipi
∑l−1
m=1 c
†
mcm . (30)
The Hamiltonian will have a bilinear form in terms of
Fermionic creation and annihilation operators, which can
be be brought to a diagonal form by doing a Fourier
transformation, followed by a Bogoliubov transformation
[24, 25].
Fourier transforming the operators into momentum
space, we define,
cq =
1√
n
∑
e−iqlcl. (31)
Here, the set of allowed momentum values are given by
is q = 2pim/n, with m = −(n − 1)/2.. − 1/2, 1/2..(n −
1)/2 for even value of n; and m = n/2..0..n/2 for odd
value of n. In terms of these momentum-space operators
the Hamiltonian has a bilinear form with non-diagonal
operators c†qc
†
−q and similar terms.
To diagonalize the Hamiltonian we employ Bogoliubov-
Valatin transformation in which new Fermion creation
and annihilation operators are formed as a linear combi-
nation of old operators, given as
η1q = uqcq − ivqc†−q, η2q = −ivqcq + uqc†−q. (32)
9The expansion coefficients and the eigenvalues are given
by,
uq =
√
1
2
+
(Jx + Jy) cos q + h
|ωq| , vq =
√
1− u2q, (33)
ωq = 2
√
[(Jx + Jy) cos q + h]2 + [(Jx − Jy) sin q]2. (34)
In terms of these new fermion operators, the Hamiltonian
is diagonal, we have
H =
∑
0<q<pi
|ωq|(η†1qη1q − η†2qη2q). (35)
Let us first consider the following initial state, a linear
combination of one down spin states.
|Ψ(0)〉 = α|10...0〉+β|010..0〉 = (αc†1+βc†2)
∏
q>0
|0〉q|0〉−q.
(36)
Time evolution of this will generate all odd magnon
sectors states. The elements of the RDM given in Eq. 1
in terms of spin operators are given by,
uj,k =
1+〈σzj 〉+〈σzk〉+〈σzj σzk〉
4 = 1− 〈c†jcj〉 − 〈c†kck〉+ 〈c†jcjc†kck〉,
vj,k =
1−〈σzj 〉−〈σzk〉+〈σzj σzk〉
4 = 〈c†jcjc†kck〉,
w1j,k =
1−〈σzj 〉+〈σzk〉−〈σzj σzk〉
4 = 1− 〈c†kck〉 − 〈c†jcjc†kck〉,
w2j,k =
1+〈σzj 〉−〈σzk〉−〈σzj σzk〉
4 = 1− 〈c†jcj〉 − 〈c†jcjc†kck〉,
xj,k = 〈σ+j σ−k 〉 = 〈cjc†k〉 for k = j + 1,
zj,k = 〈σ+j σ+k 〉 = 〈cjck〉 for k = j + 1.
(37)
Now, the time evolution of the fermion annihilation
operator in momentum space can be calculated, we have
cq(t) =(e
−iωqtu2q + e
iωqtv2q )cq − q|q|2uqvq sinωqt c†−q
= χq(t) cq + ξq(t) c
†
−q. (38)
The expectation values of the correlation functions
〈c†jcj〉, 〈cjc†j+1〉, 〈cjcj+1〉 and 〈c†jcjc†j+1cj+1〉 as a func-
tion of time can be calculated analytically as,
〈c†jcj〉t =
1
N
∑
q1,q2
eiq1j−iq2j〈(χ∗q1c†q1 + ξ∗q1c−q1)
(χq2cq2 + ξq2c
†
−q2)〉,
〈cjcj+1〉t = 1
N
∑
q1,q2
eiq1j−iq2(j+1)〈(χq1cq1 + ξq1c†−q1)
(χq2cq2 + ξq2c
†
−q2)〉,
〈cjc†j+1〉t =
1
N
∑
q1,q2
e−iq1j+iq2(j+1)〈(χq1cq1 + ξq1c†−q1)
(χ∗q2c
†
q2 + ξ
∗
q2c−q2)〉,
〈c†jcjc†j+1cj+1〉t =
1
N2
∑
q1,q2,q3,q4
eiq1j−iq2j+iq3(j+1)−iq4(j+1)
〈(χ∗q1c†q1 + ξ∗q1c−q1)(χq2cq2 + ξq2c†−q2)(χ∗q3c†q3
+ξ∗q3c−q3)(χq4cq4 + ξq4c
†
−q4)〉.
(39)
For large N the above sums are evaluated by convert-
ing them to integrals from 0 to pi. and the pairwise corre-
lation functions are easily computed. The pairwise corre-
lation functions between nearest neighbours are plotted
as a function of site index i and time t in Fig. 3. We
have taken three sets of Hamiltonian parameters (Jx =
0.7, Jy = 0.3, h = 0.1); (Jx = 0.7, Jy = 0.3, h = 1.0)
and (Jx = 0.7, Jy = 0.3, h = 10.0) to illustrate the re-
sults. The total number of down (up) spins in the sys-
tem is not conserved as Jx 6= Jy. However, in the limit
h → ∞ the dynamics is confined to a subspace of the
total Hilbert space, as the Hamiltonian in this case com-
mutes with total number of down (up) spins. The initial
state being |Ψ〉 = 1√
2
(100...0 + 010...0), the off-diagonal
correlation function 〈σ+i σ−i+1〉 is 0.5 for the first pair and
zero for all other pairs, and the diagonal correlation func-
tion langleσzi sigma
z
i+1〉 is −1 for the first pair and zero
for all other pairs.
Through the time evolution, the correlation function
〈σ+i σ−i+1〉 becomes non zero for further sites for later
times (implying a finite speed for the propagation of cor-
relations) for the case h = 0.1 as shown in Fig. 3(a).
The value of the function 〈σ+i σ−i+1〉 is non zero within
the ’light cone’ but zero outside. For the case h = 1.0,
the correlation function 〈σ+i σ−i+1〉 decays very quickly and
becomes zero beyond the third site as shown in Fig. 3(b).
For the case h = 10.0, the correlations propagate consis-
tently and continuously to further sites with a finite speed
as shown in Fig. 3(c). The diagonal correlation function
〈σzi σzi+1〉 becomes non zero for further sites quickly and
propagation does not take place with a finite speed for
the cases h = 0.1 and h = 1.0 as shown in Fig. 3(d) and
Fig. 3(e). For the case h = 10.0, the value of the function
〈σzi σzi+1〉 spreads with finite speed and its value is zero
outside the light cone as shown Fig. 3(f). The correlation
function 〈σ+i σ+i+1〉 is plotted as a function of time and
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site index for the same set of Hamiltonian parameters in
Fig. 3(g), (h) and (i) respectively. The expectation value
of the correlation function 〈σ+i σ+i+1〉 is initial zero and
becomes non zero as number of down spin increases in
the system. The values of 〈σ+i σ+i+1〉 for the case h = 10.0
in Fig. 3(i) is much smaller compared to the cases h = 0.1
and h = 1.0 as seen from figures Fig. 3(g) and Fig. 3(h).
From the correlation functions given in Eq. 37 we com-
pute the bipartite measures for quantum correlations.
Nearest neighbour concurrence C(i, i+ 1), mutual infor-
mation I(i, i+ 1) are plotted as a function of site index i
and time t for XY model with a transverse field in Fig. 4.
Here also we illustrate our results for same three sets of
Hamiltonian parameters (Jx = 0.7, Jy = 0.3, h = 0.1);
(Jx = 0.7, Jy = 0.3, h = 1.0) and (Jx = 0.7, Jy = 0.3, h =
10.0). Unlike the Heisenberg model the pairwise concur-
rence does not spread from first two sites for the cases
h = 0.1 and h = 1.0 as shown in fig. 4(a) and 4(b). Since
parity is conserved and the state contains all odd number
of down spins, initially pairwise concurrence is generated
but after sometime it decays. Similarly, The pairwise mu-
tual information does not spread from first two sites for
the cases h = 0.1 and h = 1.0 as shown in Fig. 4(d) and
4(e). However, the qubits generate mutual information
between them as a result of the dynamics. But for the
case h = 10.0, the value of the function pairwise concur-
rence and mutual information spread with finite speed
from the first two sites and their values are zero outside
the light cone as shown in Fig. 4(c) and 4(f) respectively.
Nearest neighbour concurrence C(i, i + 1), mutual in-
formation I(i, i+1) are plotted as a function of site index
and time for Ising model (Jx = 1.0 and Jy = h = 0) in
Fig. 5(a) and 5(b) respectively for a large N Ising chain.
We see that the dynamics becomes trivial as the local cor-
relation and entanglement at the first two qubits do not
spread due to the nature of the dynamics, and a speed
of the correlation propagation cannot be defined. How-
ever, correlations between the pairs are generated, as the
Hilbert space is not confined to one down spin sector.
Till now, we have considered model Hamiltonians
that generate integrable dynamics. Now, consider a
simple model Hamiltonian with a tunable parameter,
to go continuously from completely integrable to com-
pletely non-integrable regimes. We use a one-dimensional
periodically-kicked Harper model, a simple model of
fermions hopping on a chain with an inhomogeneous site
potential, appearing as a kick at regular intervals. The
spin operator version of the Hamiltonian is given by
H(t) =
N∑
j=1
[−1
2
(σxj σ
x
j+1 + σ
y
j σ
y
j+1)
+ g
∞∑
n=−∞
δ(
t
τ
− n) cos(2pijη
N
)σzj ]. (40)
The first term is the XY term of the Heisenberg model
considered above, that causes hopping of up or down
spins. The last term is an inhomogeneous magnetic field
in the z direction that comes into play through kicks at
an interval of τ . The coupling strength g and the kicking
time τ can be independently varied, that can affect the
nature of the dynamics as we will see below.
The classical version of the kicked Harper Hamiltonian
is regular for τ → 0 and completely chaotic for large value
of τ , and similarly the eigenvalue and eigenfunctions of
the quantum version display correspondingly a regular or
chaotic characteristics[26]. The Harper model dynamics
conserves the magnon number through the evolution. So
the dynamics can be thought of as site-dependent kicks
interrupting the background XY dynamics at a regular
interval. Through the time evolution, the down spins can
hop around to other sites. We will consider evolution at
discrete times, viz. t = τ+, 2τ+ etc, that is at instants
just after a kick. The unitary operator for the evolution
between two kicks is straightforwardly given by,
U(g, τ) = e−iτ
∑
j − 12 (σxj σxj+1+σyj σyj+1)e−iτg
∑
j cos
2pijη
N σ
z
j ,
(41)
where, the two operator factors appearing above do not
commute. The time evolved state at time nτ just after
n kicks is |Ψ(t)〉 = Un(g, τ)|Ψ(0)〉. The system evolves
between a time nτ+ to (n+ 1)τ− through XY dynamics
between two kicks which introduces a lattice position de-
pendent phase factor to the Green function. We consider
|Ψ(0)〉 = α|10...0〉 + β|010...0〉 as the initial state of the
system, the time evolved state will be given by,
|Ψ˜(t = nτ+)〉 =
∑
x
Ω˜x(t = nτ)|x〉. (42)
where, Ω˜x(t = nτ) =
∑
x αG˜
x
1(t = nτ)|x〉 + βG˜x2(t =
nτ)|x〉.
Here we have introduced a the composite Green func-
tion, related to the the Green’s function studied in
Heisenberg dynamics, is given by,
G˜xnx0 (t = nτ) =
∑
x1,x2,...,xn
n−1∏
j=0
Gxj+1xj (τ)e
2iτg cos(
2piηxj+1
N ).
(43)
It can be seen that after each kick, a site-dependent
new phase is introduced in the Green function which
indicates the qualitative change in the dynamics from
the previous section. By setting gτ = 0 in the above,
the Green function G˜x1(t) it reduces to the Green func-
tion Gx1(t), the one-magnon propagator function of the
Heisenberg model. The form of the reduced density ma-
trices will remain unchanged as given in 23 and 24. Here
the magnon number or number of down (up) spin is con-
served throughout the unitary dynamics. Let us first
consider the initial state given in Eq. 20, a linear combi-
nation of one magnon states. Since, here system is non-
interacting, the time-dependent wave function from any
initial state can be written as a product of the Green
function given in 43. The equations 24 for two qubit
RDM derived for Heisenberg dynamics with one magnon
state are also valid for Harper dynamics with the com-
posite Green function. Nearest neighbour concurrence
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C(i, i + 1), mutual information I(i, i + 1) are is plotted
for two representative values of τ and g as a function of
site index and time for kicked Harper model in Fig. 6(a)-
6(b). The qualitative nature of the dynamics depends
on the value gτ . The pairwise concurrence and mutual
information moves from the first two pairs to large dis-
tances as the time evolves. For τ = 0.1 and g = 0.1 the
dynamics resembles the Heisenberg dynamics, where cor-
relations spread linearly as seen from Fig. 6(a) and 6(c).
But for τ = 0.9 and g = 1.0 the light cone structure be-
comes non linear as seen from Fig. 6(b) and 6(d). Even in
this regime, the dynamics is not much different from the
Heisenberg dynamics as the number of magnons is con-
served in the dynamics. The correlation dynamics does
not change qualitatively for large values of gτ , where the
dynamics is non integrable.
The qualitative nature of spreading of correlations
from a maximally entangled pair or Bell pair does not
depend on the integrability of the dynamics but confine-
ment of the dynamics into a much smaller subspace of the
Hilbert space leads to better transfer of quantum correla-
tions in a many body system. As we can see from Fig. 2
and Fig. 6, the correlations spread to long distances for
Heisenberg model and kicked Harper model, where the
number of down (up) spins is a conserved quantity. The
same conclusion can be drawn for XY model with Hamil-
tonian parameters Jx = 0.7, Jy = 0.3, h = 10.0 as shown
in Fig. 4(c) and 4(f). This can also be seen quantitatively
from studying the tripartite mutual information (TMI),
that signifies a scrambling of locally encoded information.
TMI of first three qubits I3(1 : 2 : 3) has been plotted
for different models as function of time t for the initial
state |Ψ(0)〉 = (|100...0〉 + |010..0〉) sqrt2. As shown in
Fig. 7(a), I3(1 : 2 : 3) is non negative for Heisenberg
model and kicked Harper model with for both the cases
τ = 0.1, g = 0.1 and τ = 0.9, g = 1.0. In these cases, in-
formation is not scrambled. On the other hand Fig. 7(b)
shows that TMI becomes negative for Ising model with
a transverse field Jx = 1.0, Jy = 0.0 for certain range
of the magnetic field strength. For Ising model without
any field the value of the quantity I3(1 : 2 : 3) is strictly
bounded between 0 and −1 implying perfect Scrambling.
For very high a transverse field |h| >> 1 the value is
non negative. So, scrambling mostly takes place in the
range of magnetic field 0 < |h| < 1. I3(1 : 2 : 3) is
plotted as a function of time and magnetic field h for
XY model with a transverse field in Fig. 7(c). Like the
previous case the quantity I3(1 : 2 : 3) is mostly nega-
tive for magnetic field in the range 0 < |h| < 1 and non
negative for large magnetic field region. So, it can be con-
cluded that spreading of bipartite quantum correlations
in a quantum many body system is associated with a non
negative value of TMI as in the case of Heisenberg and
kicked Harper model. On the other hand, the confine-
ment and decay of bipartite quantum correlations is as-
sociated with a negative value of TMI as seen in the cases
of XY model with small magnetic field and Ising model.
I3(1 : 2 : 3) is plotted as a function of time t for different
values of the anisotropic parameter ∆ for the initial state
|Ψ(0)〉 = (|00...0〉 + |110..0〉)√2 in Fig. 7(d). Unlike for
the initial state |Ψ(0)〉 = (|10...0〉+ |010..0〉)√2, here see
that the dynamics is not confined into one magnon sector
as the element z in RDM is non zero for the initial state,
a linear combination of zero and two magnon sector. We
see that I3(1 : 2 : 3) is negative for −1 < ∆ < 1. But the
scrambling is much smaller compared to the Ising model
and the XY model with h = 0.
IV. INTERVENING THE DYNAMICS BY
LOCAL QUANTUM OPERATIONS AND
REDISTRIBUTION OF CORRELATIONS
We now turn our attention to the effect of a quantum
dynamical process, on the evolution of the quantum cor-
relations due to the Hamiltonian evolution discussed in
section III. The dynamical evolution of an initial state
is interrupted by an instantaneous local quantum oper-
ation that effects a given spin. This is equivalent to the
spin chain becoming an open system momentarily, and
a quantum dynamical process or a quantum channel ac-
tion takes place. This leads to abrupt changes in the
distribution of quantum correlation and entanglement,
that are subsequently even out as the background dy-
namics resumes after the quantum operation. We will
consider both a unitary or non-unitary QDP interrupt-
ing the background evolution. The effect of the QDP
on the quantum correlations can be very different, for
integrable and non-integrable background dynamics.
The background dynamical evolution of the state can
be written as ρ(t) = U(t, 0)ρ(t = 0)U†(t, 0), where
U(t, 0)) = exp(−iHt) denotes the unitary evolution op-
erator that depends on the Hamiltonian that evolves the
system. Following[14], we will contrast the dynamical
evolution of an initial state ρ(t = 0) to ρ(t) though the
background Hamiltonian evolution, with that of the dy-
namical evolution of an initial state ρ(t = 0) to ρ˜(t)
where the dynamics is interrupted by a quantum pro-
cess at t0 < t. With the QDP occurring, the evolution
of the state proceeds in three steps: (1) the initial state
evolving to ρ(t0) due to the background dynamics, (2) at
t = t0, the state transforming instantly to ρ˜(t0) due to
the action of QDP, (3) the state further evolving through
the background dynamics to ρ˜(t).
We can use the Kraus-operator representation for the
evolution of the state due to the QDP. A local operation
on m’th qubit can be represented by the Kraus oper-
ators {Pi}, with the condition that
∑
P †i Pi = 1. As
the QDP occurs, the many-qubit state ρ(t0) is instanta-
neously transformed into a state ρ˜(t0) ρ through a local
quantum channel action or decohering process Nm on the
mth qubit at a time t0. In this evolution, the operation
transforms the input state into an output state through
the quantum channel action, I1×I2×...×Nm × ...× IN .
12
(a) (b) (c)
(d) (e) (f)
Figure 8. The difference of mutual information for the Heisenberg model as a function of time t and the time of QDP t0; (a)
δI(1 : 2), (b) δI(2 : 3), (c) δI(1 : 3), and (d) δI(2 : 13). (e) The tripartite Mutual Information I3(1 : 2 : 3) as a function of time
t and time of QDP t0. (f) The difference of concurrence δC(1 : 3) as a function of time t and the time of QDP t0. The QDP
occurs for the second spin, with the Kraus operators P0 = (1 + σ
z
2)/2, P1 = (1− σz2)/2. The results are shown from analytical
calculations for the initial state: |Ψ(0)〉 = (|10...0〉+ |010..0〉)√2.
The state after the QDP if given as,
ρ(t0)
I1×I2×...×Nm×...IN−→ ρ˜(t0) =
∑
i
PiρP
†
i , (44)
where we have used the Kraus operators {Pi} for the
quantum channel, with the constraint that
∑
P †i Pi = 1.
In this paper we shall consider one type of quantum de-
cohering processes, a simple projective measurement, in
the eigen basis of the operator ~σm.nˆ. The Kraus oper-
ators for this QDP are given by, P0 = (1 + ~σm.nˆ)/2,
and P1 = (1−~σm.nˆ)/2, corresponding to a measurement
process (that measures ~σm.nˆ) on the m
th qubit. In gen-
eral, such a QDP can change the distribution of pairwise
quantum correlations between two parts of the system as
well as multiparty correlations among its various many
parts.
The evolution of the various quantum entanglement
and information measures can be very different in the
two states ρ(t) and ρ˜(t), the states without and with QDP
occurrence respectively. The initial state ρ(0) undergoes
transformation through a sequences of operations. First,
there is a continuous unitary evolution from t = 0 to
t = t−0 . At t = t0, the state now is given by
ρ(t−0 ) = U0,t0ρU
†
0,t0
. (45)
In the next step, after the system undergoes a QDP
i.e., a quantum channel action on the m’th qubit instan-
taneously, the state becomes ρ(t0) → ρ˜(t0). We will
first consider a non-unitary QDP that is a local deco-
hering process, as an example, a projective measurement
of σzm which has two outcomes, corresponding projectors
P0 = (1 + σ
z
m)/2 and P1 = (1 − σzm)/2. A more gen-
eral measurement operators, for example measuring an
arbitrary component of ~σm, have been considered and
seen to be qualitatively similar. Let us consider a sim-
ple projective measurement done on the first qubit, in
the eigen basis of the operator ~σm.nˆ. The Kraus oper-
ators for this QDP are given by, P0 = (1 + ~σm.nˆ)/2,
and P1 = (1 − ~σm.nˆ)/2, corresponding to a projective
measurement process (that measures ~σm.nˆ) on the m’th
qubit. Now, the resultant state, immediately after the
QDP occurrence, is written as,
ρ˜(t+0 ) = P0ρ(t
−
0 )P
†
0 + P1ρ(t
−
0 )P
†
1 . (46)
In the third step, the state is further evolved to a time
t > t0. Now, the final state ρ˜(t) is then given by, ρ˜(t) =
Ut,t0 ρ˜(t
+
0 )U
†
t,t0 , is given by,
ρ˜(t) =
1
2
[Ut,0ρ(0)U
†
t,0 + Ut,t0~σm.nˆUt0,0ρ(0)U
†
t0,0
~σm.nˆU
†
t,t0 ].
(47)
Now, the expectation value of any operator O at a time
t can be written in the following form,
〈O˜〉t = 1
2
〈O〉t + 1
2
Tr[~σm.nˆ(t0)O(t)~σm.nˆ(t0)ρ(0)]
= 〈O〉t + 1
2
〈~σm.nˆ(t0)O(t)~σm.nˆ(t0)−O(t)〉.(48)
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Figure 9. The difference of mutual information for the Heisenberg model as a function of time t and the time of QDP t0; (a)
δI(1 : 2), (b) δI(2 : 3), (c) δI(1 : 3), and (d) δI(2 : 13). (e) The tripartite Mutual Information I3(1 : 2 : 3) is shown as a
function of time t and the time of QDP t0. (f) The difference of concurrence δC(1 : 3) is shown as a function of time t and
the time of QDP t0. The QDP occurs for the second spin, with the Kraus operators P0 = (1 + σ
z
2)/2, P1 = (1 − σz2)/2. The
results are shown from numerical calculations with anisotropy parameter ∆ = 1 and number of sites N = 10 for the initial
state: |Ψ(0)〉 = (|10...0〉+ |010..0〉)√2.
It should be emphasized here that the two expectation
values, 〈O˜〉t and 〈O〉t, with and without the local instan-
taneous QDP intervening the unitary dynamics, will be
differ only slightly. This is due to the fact that only one
among N spins is affected upon by the QDP at the epoch
time t0, and the state is evolved further with the unitary
dynamics. Thus, these two states only differ to this ex-
tent, and both states are further evolved through the
same Hamiltonian dynamics. The spread of correlations
would also differ to that much extent only.
But unlike the previous section, the unitary QDP does
not cause decoherence. The three steps of evolution that
are involved here, are all unitary evolutions, as a result
the initial pure state evolves into another pure state.
The QDP operates on the m’th site at time t = t0.
The intervening QDP being unitary, it can be generated
using a Hamiltonian. The instantaneous local unitary
QDP intervening the unitary Hamiltonian evolution can
be viewed as an evolution with a kicked Hamiltonian.
The new Hamiltonian H˜ can be written as a sum of two
terms, the background Hamiltonian H that generates the
background unitary evolution, and a magnetic field term
H ′ = ~σm.nˆ with a delta-function kick, where nˆ is the
direction of the magnetic field at the 1st site. Thus, the
total Hamiltonian covering all the three steps can be writ-
ten as,
H˜ = H +H ′δ(t/t0 − 1). (49)
The second term in the Hamiltonian represents the in-
stantaneous QDP operating on the given spin at t = t0.
The unitary evolution operator for t > t0, is a product of
three unitary operators corresponding to the three time
steps, i.e., Ut0,0 = e
−iHt0 for the evolution up to t = t−0 ,
followed by Vm = e
−t0~σm.nˆ for the instantaneous unitary
QDP, and Ut,t0 = e
−i(t−t0)H for the evolution from t = t+0
up to time t. Thus, an initial state |ψ(0)〉 prepared at
time t = 0 evolves to the state |ψ˜(t)〉 = U˜t,0|ψ(0)〉, the
evolution operator is given by,
U˜t,0 = Ut,t0VmUt0,0.
Now, similar to the non-unitary QDP, in the first step,
the state evolves unitarily upto a time t−0 with the Hamil-
tonian H, yielding |ψ(t−0 )〉. In the second step, the state
is changed by an operation of Vm, the first qubit under-
goes a local unitary operation. This coherent or unitary
process, which is a local quantum gate operation, is rep-
resented by an instantaneous unitary operation that acts
on the state of the given qubit between time t = t−0 and
time t+0 . The operation of the unitary operator Vm on
the basis states of the spin is given by ,
V |0〉 = γ|0〉+ δ|1〉, V |1〉 = −δ∗|0〉+ γ|1〉, (50)
where the various amplitudes are related to t0, the com-
ponents nx, ny of the unit vector nˆ as, γ = cos t0 and
(ny + inx) sin t0 = δ. The state ρ˜(t) at time t evolving
after the operation at t = t0 is given as,
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Figure 10. δI(1 : 3) is shown for the XY model with a transverse field as a function of time t and the time of QDP t0:
(a) Jx = 0.7, Jy = 0.3 and h = 0.1, (b)Jx = 0.7, Jy = 0.3 and h = 1.0, (c) Jx = 0.7, Jy = 0.3 and h = 10.0. The tripartite
mutual information I3(1 : 2 : 3) is shown as a function of time t and the time of QDP t0: (d) Jx = 0.7, Jy = 0.3 and h = 0.1,
(e)Jx = 0.7, Jy = 0.3 and h = 1.0, (f) Jx = 0.7, Jy = 0.3 and h = 10.0. The QDP occurs for the second spin, with the
Kraus operators P0 = (1 + σ
z
2)/2, P1 = (1 − σz2)/2. The results are shown from numerical calculations for the initial state:
|Ψ(0)〉 = (|10...0〉+ |010..0〉)√2 and number of sites N = 10.
ρ˜(t) = Ut,t0Vmρ(t0)V
†
mU
†
t,t0 .
Now, the expectation value of any operator O at a time
t can be written in the following form,
〈O˜〉t = Tr[Vm(t0)O(t)Vm(t0)ρ(0)] = 〈Vm(t0)O(t)Vm(t0)〉.
(51)
The model parameter dependence of the evolution of
correlations are expected to be similar for both these
states. The pair of local Hermitian operators O(t) and
V (t0) or ~σ(t0) from both the Eq. 48 and Eq. 51 on
non-overlapping subsystems under time evolution with
Hamiltonian will evolve into a complicated non commut-
ing pair of operators even if they commute at the time
of QDP (t0). Certainly the product of three or more non
commuting operators is different for different Hamilto-
nian dynamics. Note that the operator O can be a single
site operator or a product of two or more number of op-
erators belonging to different sites. For example, 〈σzj 〉
and 〈σ+j 〉 for single site RDM and 〈σzjσzk〉, 〈σ+j σ+k 〉 and
〈σ+j σ−k 〉 for two site RDM and so on.
We consider two special cases nˆ = zˆ and nˆ = xˆ to illus-
trate our results. For the case nˆ = zˆ the QDP conserves
the magnon number but for nˆ = xˆ the QDP mixes the
even and odd sector. Just after the system undergoes a
QDP nˆ = zˆ on the m site the state at t = t0 is given by,
ρ˜(t0+) = |Ψ˜+(t0)〉〈Ψ˜+(t0)|+ |Ψ˜−(t0)〉〈Ψ˜−(t0)|, (52)
where, |Ψ˜±(t0)〉 ≡ 1±σ
z
m
2 |ψ(t0). Further evolution of the
system for a time (t− t0) yields the state at time t,
ρ˜(t) = |Φ˜+(t)〉〈Φ˜+(t)|+ |Φ˜−(t)〉〈Φ˜−(t)|, (53)
where,
|Φ˜+(t)〉 =
∑
x
Hx(t, t0)|x〉,
|Φ˜−(t)〉 =
∑
x
Kx(t, t0)|x〉. (54)
Here, the new time-dependent wave functions are given
by,
Kx(t, t0) = G
x
m(t− t0)Ωm(t0),
Hx(t, t0) =
∑
x′ 6=m
Gxx′(t− t0)Ωx
′
(t0) = Ω
x(t)−Kx(t, t0).(55)
The elements of the one and two qubit RDM for di-
rect evolution of the states with QDP along nˆ = zˆ from
Eq. 48,
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Figure 11. The difference of mutual information and the tripartite mutual information (TMI) are shown as functions of time
t and the time t0 of a coherent QDP. (a) δI(1 : 3) is shown for the isotropic Heisenberg model, δI(1 : 3) is shown for the
XY model with a transverse magnetic field in (b) Jx = 0.7, Jy = 0.3 and h = 0.1, (c) Jx = 0.7, Jy = 0.3 and h = 10.0. The
tripartite mutual information I3(1 : 2 : 3) is shown in: (d) for the Isotropic Heisenberg model. TMI is shown for the XY model
with a transverse field in (e)Jx = 0.7, Jy = 0.3 and h = 0.1, (f) Jx = 0.7, Jy = 0.3 and h = 10.0. The coherent QDP occurs for
the second spin, with parameters are γ =
√
0.6 and δ =
√
0.4. The results are shown from numerical calculations for the initial
state: |Ψ(0)〉 = (|10...0〉+ |010..0〉)√2 and number of sites N = 10.
χ˜j = χj + 2|Kj |2 − 2Re Ω∗jKj ,
u˜j,k = uj,k − 2|Kj |2 + 2Re ΩjKj − 2|Kk|2 + 2Re Ω∗kKk,
w˜1j,k = w1j,k + 2|Kk|2 − 2Re Ω∗kKk,
w˜2j,k = w2j,k + 2|Kj |2 − 2Re Ω∗jKj ,
x˜j,k = xj,k + 2Re K
∗jKj −Re Ω∗kKj −Re K∗jΩk.
(56)
Using the above matrix elements of ρ˜, we can compute
various correlation functions, the mutual informations for
the state with QDP intervention. To see the effect of the
QDP on the distribution of correlations, let us define
δI(1, 2) = I˜(1, 2)− I1, 2),
where I˜(1, 2) denotes the mutual information between
qubits 1 and 2 with the QDP (computed from ρ˜(t)), and
I(1, 2) is the mutual information without the QDP (com-
puted from ρ(t)). The differences of mutual informations
between different pairs: δI(1 : 2), δI(2 : 3), δI(1 : 3),
and δI(2 : 13) are plotted in Fig. 8(a), 8(b), 8(c),and
8(d) respectively as a function of time t and QDP time
t0 for Heisenberg model in case of a projective measure-
ment along σz on the second site. The tripartite Mutual
Information I3(1 : 2 : 3) as a function of time t and time
of QDP t0 is plotted in Fig. 7(e) for the same. Due to
occurrence of the QDP at the second qubit the the mu-
tual information between first and second qubit, second
and third mostly decreases, or in other words the quan-
tities δI(1 : 2), δI(2 : 3) are mostly negative as shown
in Fig. 8(a) and 8(b). But due to the interference effect
between the background dynamics and the QDP the the
mutual information and the concurrence between first
and the third qubit can increase as seen in Fig. 8(c) and
Fig. 8(f) respectively. So a local decohering process can
increase correlations between two sites. Also we can see
from Fig. 8(d) the the quantity I(2 : 13) also decreases
due to the QDP. Now, the change in TMI δI3(1 : 2 : 3)
is given by the following expression,
δI3(1 : 2 : 3) = δI(1 : 2) + δI(2 : 3)− δI(2 : 13). (57)
Now, all the terms in the right hand side of the above
expression become negative due the QDP and add up
to change the value of TMI. As shown in Fig. 8(e) the
value of the quantity I3(1 : 2 : 3) becomes negative for a
small time after the QDP. As discussed earlier in Fig. 7(a)
I3(1 : 2 : 3) is always non negative for Heisenberg model,
but due to the decohering but number conserving QDP
it can become negative implying scrambling.
Similarly, Just after the system undergoes a QDP nˆ =
xˆ on the m site the state at t = t0 the state at t is given
by,
ρ˜(t) = |Ψ(t)〉〈Ψ(t)|+ |Ψ˜(t)〉〈Ψ˜(t)|, (58)
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The state |Ψ˜(t)〉 after the QDP becomes a mixture
of zero and one magnon states after the QDP occurs.
Where,
|Ψ˜(t)〉 = 1√
2
∑
x1,x2
Lx1,x2(t)|x1, x2〉+ Ωm(t0)e−i0(t−t0)|F 〉.
(59)
Here, the new time-dependent wave functions are given
by,
Lx1,x2(t, t0) =
∑
x
Gx1,x2m,x (t− t0)Ωx(t0). (60)
The state can be calculated for finite number of
sites N = 10 and differences of mutual information
between different pairs δI(1 : 2), δI(2 : 3), δI(1 : 3), and
δI(2 : 13) are plotted in Fig. 9(a), 9(b), 9(c),and 9(d)
respectively as a function of time t and QDP time t0 for
Heisenberg model in case of a projective measurement
along σx on the second site. The tripartite mutual
information I3(1 : 2 : 3) as a function of time t and time
of QDP t0 is plotted in Fig. 8(e) for the same. This
time the QDP is decohering and also changes number
of down spins in the system. Due to occurrence of
the QDP at the second qubit (m = 2) the quantities
I(1 : 2), I(2 : 3), and I(2 : 13) decreases immediately
after the QDP as shown in Fig. 9(a), 9(b) and 9(c). But
due to the interference effect between the background
dynamics and the QDP the the mutual information
and the concurrence between first and the third qubit
can increase for a small time as seen in Fig. 9(c) and
Fig. 9(f). Also we can see from Fig. 9(d) the the
quantity I(2 : 13) also decreases due to the QDP. As
shown in Fig. 9(e) the value of the quantity I3(1 : 2 : 3)
becomes negative for a small time after the QDP. Here
also due to the decohering and non number conserv-
ing QDP TMI can become negative implying scrambling.
Since we have shown in the previous section that
XY model with a transverse field shows scrambling
behaviour for certain range of Hamiltonian parameters
it is interesting to see the effect of a local decohering
process on the dynamics. In this case, since Jordan-
Wigner transformation is a non local transformation,
it is difficult to find correlation functions for non
nearest neighbours and elements of three qubit RDM
analytically. So we take a full numerical approach to
the problem. The difference of mutual information
between first and third qubit δI(1 : 3) for XY model
with a transverse field with set of parameters (Jx =
0.7, Jy = 0.3, h = 0.1), (Jx = 0.7, Jy = 0.3, h = 1.0), and
(Jx = 0.7, Jy = 0.3, h = 10.0) as a function of time t and
time of QDP t0 is plotted in Fig. 10(a), 10(b) and 10(c)
respectively. The QDP here is a projective measurement
along σz on the second site. For the case h = 0.1 the
quantity δI(1 : 3) is mostly negative implying that the
QDP insignificantly increases the mutual information
between first and third qubit as seen in Fig. 10(a).
However, for the other two cases h = 1.0, and h = 10.0
the QDP can slightly increase the mutual information
between first and third qubits. The tripartite mutual
information I3(1 : 2 : 3) as a function of time t and time
of QDP t0 for same set of parameters in Fig. 10(d), 10(e)
and 10(f) respectively. The quantity I3(1 : 2 : 3) for
h = 0.1 without any QDP is negative as shown in Fig.
7(c), after the QDP it does not flip its sign and remain
negative as seen in Fig. 10(d). For the cases h = 1.0 and
h = 10.0 the quantity I3(1 : 2 : 3) can flip its sign for a
small time after the QDP as seen in Fig. 10(e) and 10(f)
respectively. Fig. 10 imply that the QDP can change
the a non-scrambling dynamics to a scrambling one but
the reverse is not true.
Finally, we discuss the results for a coherent QDP
intervening the dynamics. The coherent QDP mixes
he odd and even sectors of the the Hilbert space dur-
ing the dynamics. The two-qubit RDM no longer re-
mains in the form given in Eq. 1. The coherent QDP
or unitary dynamical process, which is a local quan-
tum gate operation, is represented by an instantaneous
unitary operation that acts on the state of the given
qubit between time t = t−0 and time t
+
0 . The opera-
tion of the unitary operator Vm on the basis states of
the spin is given in Eq. 50. The difference of mutual
information between first and third qubit δI(1 : 3) for
Heisenberg model, XY model with a transverse field with
set of parameters (Jx = 0.7, Jy = 0.3, h = 0.1) and
(Jx = 0.7, Jy = 0.3, h = 10.0) as a function of time t
and time of QDP t0 is plotted in Fig. 11(a), 11(b) and
11(c) respectively. The QDP here is a coherent operation
on the second site (m = 2) with parameters γ =
√
0.6
and δ =
√
0.4. the QDP here does not cause decoherence
but mixes odd and even sector. For Heisenberg model
and XY model with field h = 10.0 the quantity δI(1 : 3)
becomes positive the QDP implying the mutual informa-
tion between first and third qubit as seen in Fig. 11(a)
and 10(c) respectively. However, for the case h = 0.1
the QDP can slightly increase the mutual information
between first and third qubits depending on the time of
QDP t0. Tripartite Mutual Information I3(1 : 2 : 3) as a
function of time t and time of QDP t0 for same set of pa-
rameters in Fig. 11(d), 11(e) and 11(f) respectively. The
quantity I3(1 : 2 : 3) for the Heisenberg model after the
QDP it does not flip its sign and remains non negative
as seen in Fig. 10(d). For the case h = 0.1 and h = 10.0
the quantity I3(1 : 2 : 3) does not flip its sign after the
QDP and remains negative as seen in Fig. 11(e). But for
the case h = 10.0 the quantity I3(1 : 2 : 3) flips its sign
and becomes positive to negative for a small time after
the QDP as seen in Fig. 11(f).
V. CONCLUSIONS
We have studied the dynamics of quantum correlations
in spin chains for various model Hamiltonians. In the sec-
tion III, we start with a simple initial state, an entangled
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pair at the first two qubits and then let the system evolve
unitarily. Bipartite quantum correlations have been cal-
culated to show how the information coded in the first
two sites as a form of quantum correlation spreads out
to other location. We have seen that the spreading of
quantum correlations takes place when the dynamics is
restricted in a subspace of the total Hilbert space. In the
cases of Heisenberg model, a transverse field XY model
with a large field and kicked Harper model, where the
number of down (up) spins is a conserved quantity, entan-
glement spreads consistently to other parts of the system.
On the other hand, for smaller values of transverse field
XY model and Ising model the propagation does not take
place from the first two entangled sites but correlations
generate in the system.
Now, we understand this from the perspective of quan-
tum scrambling. We have found that Heisenberg model,
kicked Harper model and transverse field XY model with
large value of the field does not show scrambling for
one down-spin states. However, for other states where
the dynamics is confined in one particle sector scram-
bling occurs. Whereas, with a small value of the field
(0 < |h| < 1) XY model and Ising model show scram-
bling behaviour. We have also seen that quantum inte-
grability or non integrability does not play any direct role
in scrambling. The kicked Harper dynamics, a non inte-
grable model, does not show scrambling behaviour but
XY model with a transverse field, an integrable system
shows scrambling.
In section IV, we have investigated the effect of local
QDP, both unitary and non unitary on correlation dy-
namics on correlation dynamics. We see that the signal
from the local QDP can interfere with the background
dynamics and change or sometimes enhance the quan-
tum correlations between two sites. We have illustrated
in some examples where a local projective measurement
at the second site increases mutual information between
first and third site. We have also found that local non
unitary QDPs can cause scrambling even when the back-
ground dynamics is non scrambling. Negative value of
TMI has been observed around the particular site, where
the QDP occurs for a small time after the QDP. This
can be seen in Heisenberg model and transverse field XY
model with a large field. For coherent QDPs, scrambling
has been observed for a small time for transverse field XY
model with a large field, while in other cases scrambling
does not occur. But the cases where the background
dynamics already showing scrambling behaviour, local
QDPs does not prevent the system from scrambling.
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